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Abstract: The small sample prediction problem which commonly exists in reliability analysis was dis-

cussed with the progressive prediction method in this paper. The modeling and estimation procedure, as well

as the forecast and confidence limits formula of the progressive auto regressive (PAR) method were discussed

in great detail. PAR model not only inherits the simple linear features of auto regressive (AR) models but also

has applicability for nonlinear systems. An application was illustrated for predicting“the future fatigue ‘failure

for Tantalum electrolytic capacitors. Forecasting results of PAR model were compared\ with auto regressive

moving average (ARMA) model, and it can be seen that the PAR-method can be considered good and shows a

promise for future applications.
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Introduction

In system reliability analysiss few would ar=
gue about the need and importance ‘of forecasting
as decisions makers are jinterested in estimating
the future occurrences of system failure for re-
source planning, inventory management, devel-
oping realistic policies for age replacement and

logistic support™!.

However, small sample pre-
diction problem are often encountered in engi-
neering, since it can not be allowed to increase
sample number for getting large amounts of field
data in many reliability experiment occasions-*.
The difficulty of failure data prediction with
small sample size lies in that analyzer can not de-
termine whether it has value to analyze and fore-

cast or not, but can only speculate the approxi-

Received:2011-03-04; revision received:2011-05-11

Document-code: A

mate-trend-of the sequence based on the scanty
and poor information the single scatter plot only
provided™.

Many methods have been developed to solve
that problem over the years. Neural network can
almost predict all fault sequences, and the non-
linear mapping ability of neural networks ena-
bles it to be applied to nonlinear systems-'!.
However, in practical engineering, neural net-
works structure, including hidden nodes, hidden
layers and the role of functions are all deter-
mined by experience. In addition, the extra po-
lated error can not be analyzed. Regression anal-
ysis method based on support vector machine can
fit the development trend for the sequence and
obtain linear and nonlinear interval, however, it

can not provide correlative information from
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sample data and can not consider the noise influ-
ence!™. Grey prediction method can establish
grey model and fit exponential growth sequence
trend well by means of sorting failure data order
and accumulating them'*. Although this seemed
to go one step forward in non-linear prediction,
it is also powerless to fit sequence correctly and
make effective prediction, because it is only a
curve fitting method that can not fetch certain i-
dentification information of sequence from angle of
correlation,

Auto regressive moving average ( ARMA)
model can express the future value of stationary
sequence as a linear combination of the past val-
ues and random noise based on minimum square

“J. In this method, the present behavior of

error
sequence could be inferred from its past behav-
ior, and its successful application in fault data
prediction fully demonstrates this advantage " .
However, it also has the limitation that at least
50 and preferably 100 observations~or more
should be used, and this method can-not be-ap-

L1

plied to nonlinear systéms Fu_proposed-a

new method called progressive auto regressive
(PAR) model tn Ref)\[12].\ This method -could
make full use of the linear advantage of ARMA
model, and expand its applicability ‘t6” non-linear
prediction problem with-small Sample size.

The establishment"of PAR model was ana-
lyzed with small sample failure data in this pa-
per. In sectionl, we start from the basic idea of
progressive failure data prediction with small
sample size, and then we present the prediction
model and explain the estimation of model parame-
ters. Section2 contains application to a group of
small sample failure data according to modeling
principle and method. Multi-step ahead predic-
tions and 0. 95 confidence intervals were given.
In Section3, we close this paper with a discussion

and conclusion.

1 Progressive prediction method

for failure data

If , t=1,2, -+, n, is a failure series,

where nis a considerably sample size, the estab-
lishment of PAR model and estimation of model
parameters will be described in great detail. The
1st-step-ahead prediction model can be estab-
lished based on initial observational failure sam-

ple x1 s 23,0, x,as

(PI(L)'L = qo T &,
1 @D)
&, ~ NID[0,6%, ]
where & (L) =1 — ¢ L— - — @1, L” specifies
the 1st-step-ahead PAR lag-polynomial with
model order p; , and a is a constant of the 1st-

step-ahead PAR model. Then we can obtain the

1st-step-ahead prediction result by

PN

Ty1]n = a0 T P11 Ly + e+ Prpy, Lnt1—p,

Then we consider the failure data\set of a ,
Xy sty Tus Tar1ls » and roll the sample window on
Xz s T3 555 Tns ;:,rHM ,\ and \ the" 2nd-step-ahead

PAR meodel can be built as
®Q(L) X, — Qg + €,

& NIDI:()? Oés]

2)

where @y¢L) = 1= ¢, L —*=* — ¢, L™ specifies
the 2nd-step-ahead PAR lag-polynomial with
model order p, , and @, is a constant of the 2nd-
step-ahead PAR model. And we can obtain the
2nd-step-ahead prediction result by

Lpzln = Qo T @ Tt [n T @2 Xy 000 @2, Tnioy,
Analogically, for [th-step-ahead settlement

prediction, we roll the data window on sample

P .
set 1 » Xl st s Tl » Where
T E<n
xr = 3)
Xl w k> n

then the [th -step-ahead PAR equation can be es-
tablished as

@[(L) X, = Qo -+ IS
{ ‘ 4
e ~ NID[0,d. ]
where (L) = 1 — ¢y L. — ++ — ¢, L" specifies

the [th-step-ahead PAR lag-polynomial with
model order p;, and «p is a constant of the [th -
step-ahead PAR model.

The determination of model order p, for

the [th -step-ahead PAR equation (4) can be a-
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chieved by Akaike information criterion (AIC)
rulet®,

According to least-squares method, the con-
stant of the [th -step-ahead PAR model a can be

calculated by

Py
a0 = X0 — 2%32“ 5

=1
where mean x;; with i = 1,2,+*+, p; can be ob-

tained by the following formula
w1

M
L—i

n— p, Hop,

- 1

Xy —

i:1929"°7p1 (6)

where x, is given by equation (3). The autore-
gressive coefficients ¢; with i = 1,2,+-+, p; can
be determined by
T -1
(gvegn) = (L) (L)

PXp;

)

where <L1W> = <S,i]-) is a p, ~order ma-
X by e

trixe and (L) = (81280 aeee2 S ) s ape-

<1
order column vector. The elements can-be deter=

mined through the following calculation

w1
S[ij - 2 <l‘lil_.%[,'><1;j__%“)
t=p;+1
iaj:1729"'9pl (8)
nti-1
Sli - E <JC1* - 5CLO><I::i - 3Cu>
t=p, 1
1= 1,2, 9
And the estimator of ¢/ = Var (g, ) can be ob-
tained by
‘ 1 w1 A 2
o = mt§l< T T o ; %In)

(10)
Then the [th -step-ahead failure prediction value

Zprilw can be determined by
n

Tpptlw = o + 2 QLT il n (1D
i=1

And its mean square error (MSE) &%, can be

obtained by
) !
2 — - _ 2 2
Ontiln = E( Xtt — xrrH|n> = 2 : ALiG(H1—0 «
i—1

12>

The two-side 100Y% confidence interval can be

calculated by

-~

Tt n = UC147)/2 Ot n S Tkt <<

-%,rH\nTL U1+y) /2 Okl n (13)
where ¢; = 0, when i> p, , and

)\klzl k:1929"'9l

i—1
i = Do @hapiy k=230 (14)
=1

1= 2,3,k

The failure prediction result obtained by the
proposed PAR model shows best unbiased prop-
erty, which can be proved by mathematical in-
duction method from the least _square error
(LSE) forecasting method in Ref. [147 .

2 Application

The application we illustrate in this section
i5 the 'use - of PAR models to forecast the future
fatigue failure for Tantalum electrolytic capaci-
tors. Fig. 1 shows the scatter plot, and the fa-

tigue data were under the stress of 65V,

1000 F—— Observation failure value
—e—Point prediction of the PAR method &
—¥— Two-side 0.95 lower confidence &
800 | limit of the PAR method &
—a—Two-side 0.95 upper confidence P
limit of the PAR method &
600 | -@--Point prediction of method in Ref, [3]
--7- - Two-side 0.95 lower confidence
limit of method in Ref. [3]
400 |-~ Two-side 0.95 upper confidence
limit of method in Ref. [3]

T T T

Failure value

200 F

0 5 10 15 20 25 30

Failure number

Fig. 1 Failure observations and

prediction results

Let x,» t =1,2,++,n, indicate the observa-
tional failure data series obtained, where n = 21
corresponds to the sample size. The PAR model
construction results for the future 10 steps ahead
atl=1,2,-
Prediction by the ARMA model with parameter

,10, are summarized in Table 1.
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Table 1 Parameter results of PAR model derivation method of particle swarm optimization
(PSO) algorithm based on maximum likelihood
Step Model parameter ) )
, estimation ( MLE) was executed by Ref. [ 3].
b o o b b The point forecasts and two-side 0. 95 confidence
1 z 11.01  0.309  0.226  0.751 limits of the PAR model and method in Ref. [ 3]
2 4 11.57  1.035 are summarized in Table 2 and also visually illus-
3 1 17.75 0.483  0.200  0.455 trated in Fig. 1.
1 1 12.12 1,046 As we know in interval prediction that, the
5 . 92.75  0.456 0.194 0,471 size of confidence interval reflects the prediction
accuracy under given confidence level. Smaller
6 2 15.07  1.035 , , , o
confidence interval means higher prediction accu-
7 5 30. 55 0.416 0.190 0. 487 . .
racy under given confidence level. Consequent-
8 3 18.49  1.027 ly, we can conclude from the prediction results
9 2 25,15 0.399  0.222  0.488 in Fig. 1 and Table 2 that, accuracy of the PAR
10 2 24.54 0.393 0.222  0.496 method is better than ARMA model in Ref. [ 3].
Table 2 10 steps ahead prediction results-out of series
. L Two-side 0. 95 Two-side 0. 95 Length of
Point prediction . L. ; . - . .
Step upper confidence limit lower confidence limit confidence interval
l PAR Method PAR Methoed PAR Method PAR Method
method in Ref. [3] method inRef. [3] method in Ref. [3] method in Ref. [3]
1 316. 1 329.2 360.76 360.°9 2717 297.4 88.9 63.5
2 338.\8 398.2 394, 7 4515 283.0 344. 8 111.6 106.7
3 386.9 427.1 436.0 495. 4 337.8 358.7 98. 3 136.7
4 417.0 441.1 473. 3 536.1 360. 6 346.1 112.7 190
5 447.5 496. 0 495.5 621.9 399. 5 370 96.0 251.9
6 478.3 535. 8 534. 2 688 422, 4 383.5 1119 304.5
7 517. 4 553.7 564.1 737.2 470. 8 370. 1 93.3 367.1
8 549.9 597.7 605. 2 817.5 494, 5 377.7 110.7 439. 8
9 592.9 641.5 638. 2 895.7 547.5 387.3 90.7 508. 4
10 636. 8 665. 2 682.1 955.8 591.5 374.7 90. 6 581.1
Average length of confidence interval 100. 5 295.0

3 Conclusions

In reliability field, modeling and prediction
study of small sample failure data has shown
clear and significant sense, because it plays an
important role in reducing reliability test time
and cost.

The principle and method to establish PAR

model for failure data with small sample size
were discussed in this paper. Application showed
the feasibility and effectiveness of PAR model
for the failure prediction problem with small

sample size.
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